In this paper, the effect of nonlinear processes (such as three-body collisions and stepwise ionizations) on the similarity law in high-pressure argon discharges has been studied by the use of the Kinetic Global Model framework. In the discharge model, the ground state argon atoms (Ar), electrons (e), atom ions (Ar þ ), molecular ions (Ar 2 þ ), and fourteen argon excited levels Ar*(4s and 4p) are considered. The steady-state electron and ion densities are obtained with nonlinear processes included and excluded in the designed models, respectively. It is found that in similar gas gaps, keeping the product of gas pressure and linear dimension unchanged, with the nonlinear processes included, the normalized density relations deviate from the similarity relations gradually as the scale-up factor decreases. Without the nonlinear processes, the parameter relations are in good agreement with the similarity law predictions. Furthermore, the pressure and the dimension effects are also investigated separately with and without the nonlinear processes. It is shown that the gas pressure effect on the results is less obvious than the dimension effect. Without the nonlinear processes, the pressure and the dimension effects could be estimated from one to the other based on the similarity relations. Published by AIP Publishing. https://doi
Investigation on the effect of nonlinear processes on similarity law in high-pressure argon discharges
I. INTRODUCTION
High-pressure discharges are receiving considerable attention because of their wide industrial applications, such as plasma display panels (PDPs), ion sources, spectroscopy, micro-chips, and so on. [1] [2] [3] [4] [5] These discharges have been investigated by many authors through experimental diagnostics, analytical methods, and numerical simulations in the past decades. [6] [7] [8] [9] Due to the sharply reduced discharge scales, the diagnostics of microscope parameters in high-pressure discharges are usually much more difficult than those in low-pressure discharges, since the commonly used techniques, such as plasma probes, can hardly be implemented. Moreover, the increase of effective chemical reactions that should be considered makes the high-pressure discharges much more complicated to describe. 10, 11 The similarity laws, including the well-known Paschen's law, are potential techniques to predict discharge parameters in ultra-small scale discharges when the direct diagnostics are hardly possible. [12] [13] [14] [15] [16] Based on the recent interests in microdischarges, such as the lab-on-a-chip concept, researchers are attempting to extend the applicability of the similarity law to sub-millimeter and even nano-scale discharges. 17, 18 With the similarity relations being valid, the prediction of the discharge parameters of a scaled-up and scaled-down systems will be less expensive, reducing the prediction to the proportionality conversions. In such a way, micro-discharge properties at high pressure could be easily estimated from a known macrodischarge at lower pressure. [19] [20] [21] Although not yet entirely convinced that applications of the similarity law up to atmospheric pressure are feasible, there seems to be tremendous potential for basic research on this subject.
In previous studies, the validity of the similarity law has been largely investigated for low-pressure discharges both experimentally and theoretically. [22] [23] [24] [25] [26] However, the applicability of the similarity law in high-pressure discharges is not as well characterized yet. The main problem of the similarity law is the effect of so-called nonlinear processes on charged particle productions. As defined by the similarity law in Refs. 12 and 27, nonlinear processes were previously called forbidden processes, which include the three-body collisions, stepwise ionizations, and so on. Unfortunately, the nonlinear processes are not negligible in all covered regimes. It is almost impossible to investigate the impact of the nonlinear processes by experiments since the nonlinear processes are not controllable and they do exist in real discharges in highpressure regimes. Until now, the specific effect of the nonlinear processes on the similarity laws is poorly elaborated and still ambiguous for high-pressure discharges.
In this work, the Kinetic Global Model framework (KGMf) was used to check the applicability of the similarity law in gas discharges at high pressure, with focus on the theoretical effect of nonlinear processes on the particle number density balances. The motivation of this study is to seek correct modifications of similarity relations in the high-pressure regimes, which could offer opportunities to simplify the parameter estimations in microdischarges with the applications of similarity law. Two global models of high-pressure argon discharges were established: (1) a model with a complete set of reactions of the argon discharge including the nonlinear processes, and (2) a reduced model without the nonlinear processes. By comparing the discharge parameter relations in geometrically similar gaps from different models, the effect of nonlinear processes on the similarity law is confirmed and analyzed.
II. SIMILARITY LAWS AND DISCHARGE PROCESSES
The similarity laws in gas discharges have a long history since they were first noticed more than 100 years ago. In 1880, the dependence of the breakdown voltage on the product of gas pressure p and gap length d was established by de la Rue and Muller. 28 Later, Paschen carried out the gas breakdown experiments extensively in air, CO 2 , and H 2 , and concluded the Paschen's law, U b ¼ f(pd), 29 which presented one origin of the similarity law. In 1915, Townsend illustrated the similarity principles in the book named "Electricity in gases" and emphasized Paschen's law as just one special case of the similarity law in discharges with uniform electric fields. 30 In 1924, Holm extended the similarity law from the gas breakdowns to the stable glow discharges with the consideration of the limited space charge effect. 31 After that, von Engel and Steenbeck presented the definition of similar discharges at steady states. 32, 33 Although many other definitions with different focuses can be found in Refs. 30-33, one classical definition is as follows. In two similar gaps, with the same gas components, temperatures, and electrode materials, two discharges can be defined as similar discharges if the voltagecurrent characteristics are the same. 32, 33 Figure 1 shows the illustration of two similar discharges in geometrically similar gaps. To make it clear, it is worth pointing out the difference between the two terms, geometrically similar gaps and similar gaps. We usually call gaps of different sizes in which the linear dimensions in all directions are in proportion, as the geometrically similar gaps. As for the similar gaps, all linear dimensions are in proportion, whereas the gas pressures are in inverse proportion, keeping the products of gas pressure and the linear dimensions the same, i.e.,
In two similar gaps, the dimension ratio between a smaller gap (gap 1) and a larger gap (gap 2) is defined as the scaled-up factor k (or, inversely, as the scaled-down factor 1/k). Therefore, the relations for linear dimensions (d and r), surface areas (S), volumes (V), and gaps pressures (p) are
If the voltage-current characteristics are the same in two similar gaps, i.e.,
, discharges are labeled as similar discharges. In a long history, the similarity law was mainly focused on one-dimensional situations, ignoring the influence from the transverse dimension. As is well known, for one-dimensional discharges, two similarity parameters, the product pd and the reduced electric field E/p, will be correspondingly the same in similar discharges. This can be generally understood from the gas discharge theory. 32 The product pd is in proportion to the average collisions times of electrons between electrodes, and the reduced electric field E/p usually represents the electron energy gained in one mean free path. With parameters E/p and pd being the same in similar gaps, many other discharge parameters in gaps of different scales can be extrapolated from one to the other, which is the main use of the similarity law.
Typical similarity relations (SL1-SL8) for various parameters are listed in Table I . Among these relations, SL1 (n g1 ¼ kn g2 ) is an equivalent expression of the gas pressure relation (p 1 ¼ kp 2 ) in two similar discharges; SL2 and SL3 are the original descriptions of the similar discharges from the voltage-current characteristics. The charged particle density relations (SL4-SL6) can be derived based on SL2, SL3, the current continuity equation, and the Poisson equation, which was illustrated in our previous work. 16 The average electron temperature relation (SL7) can be explained in general when the reduced electric fields in two similar discharges are the same. The time interval relation (SL8) can be derived based on the gap length relation and the same mean velocity of the particles.
It is worth noting that in real discharges, the validities of these relations are much related to the fundamental physical processes. It has been confirmed that the similarity relations hold when the discharges are dominated by the electron impact ionizations, especially when the discharges are ignited by the electron avalanches. 30 This results from the similarity laws are more commonly applied in discharges in low-pressure regimes. [32] [33] [34] [35] [36] However, for the high-pressure discharges, some other physical mechanisms, such as three-body collisions and dissociative recombination, become considerable so that the applicability of the similarity law is not straightforward. No matter what the discharge mechanisms are, the requirements of the similarity law on the particle productions from different physical processes are the same, which can be generally derived from the similarity relations in Table I . According to the similarity relations of the particle density (SL4 and SL5) and time interval relation (SL8), the relationship of the charged particle production rate (dn/dt) in two similar discharge gaps is expressed as No.
Parameter Similarity relation SL1 Neutral gas density
Discharge current
where k is the scale-up factor of the gap dimension. It can be concluded that valid similarity relations are based on that all particle production rates from the basic physical processes should follow Eq. (1). Obviously, the reaction relation from Eq. (1) will hold only for some physical processes but not for all of them. According to the similarity theory, the fundamental physical processes can be classified by Eq. (1) into two groups. For one specific process, if Eq. (1) is satisfied, it is classified as a linear process; otherwise, it is called a nonlinear process. It should be noted that the term nonlinear process is used instead of the term forbidden process which was used in the field of similarity principles in gas discharges for a long time. 12, 27 In fact, the socalled forbidden processes are not controllable and they do exist in the real discharges. These processes, such as the stepwise ionizations, are nonlinear for the similarity law and are believed to cause the deviations from the similarity relations. 37 On the other hand, the similar discharges are actually certain kinds of linear phenomenon, which enable a list of linear relations as shown in Table I . Obviously, the linear (allowed) processes contribute to this linear phenomenon, whereas the nonlinear (forbidden) processes do not. Therefore, terms linear and nonlinear processes are employed here to classify the fundamental physical processes and to avoid the misinterpretations of so-called allowed and forbidden processes. Mathematically, due to the presence of nonlinear processes in real discharges, Eq. (1) will not be fully satisfied and the similarity relations might be violated.
In order to give a clear illustration of the classification of the different physical processes, Figure 2 shows the fundamental physical processes in high-pressure argon discharges. It can be seen that linear processes (in blue) include one-stepwise ionizations, excitations, and elastic collisions. The typical nonlinear processes (in red) include stepwise ionization, three-body collision, de-excitation, and so on. In our previous studies, validity of the similarity law has been confirmed in the lowpressure discharges, where many other nonlinear processes, such as the three-body collision and recombination, are of less importance. [34] [35] [36] 
III. METHOD: KINETIC GLOBAL MODEL FRAMEWORK
The motivation of this study is an attempt to seek correct modifications of the similarity law for high-pressure discharges. To the best of our knowledge, the net effect from these nonlinear processes in high-pressure discharges has not been well investigated till now. Despite that the similarity law can be validated by some other models, such as fluid, hybrid, or kinetic models, it is hard for us to identify the influence caused only by nonlinear processes when the spatial dependences are also considered. In the first step, the effect of those nonlinear processes on the particle production balances in the similarity law should be addressed principally for further studies. On the other hand, since any other nonlinear physical processes in high-pressure discharges, such as heat transfer, wall effect, and field emissions, will only exaggerate the deviations from the similarity law, we used the kinetic global model (volume-averaged) to emphasize the physical ideas.
The global model is one of the best platforms for developing an understanding of the species and reaction chain details of the underlying plasma chemistry. The Kinetic Global Model framework (KGMf) is a volume-averaged simulation code written in Python and is excellent for investigating reaction kinetics as well as plasma parameters with multiple species. 38 The KGMf model consists of a set of coupled nonlinear ODEs (ordinary differential equations) representing species continuity and energy conservation equations. For a given species set and reaction network, the governing equations are defined to describe the evolutions of reaction kinetics.
The continuity equation for species w is as follows:
where i is the index over reactions including species w, n w is the species density, K i is the reaction rate for a given process, j is the index over all reactants in the reaction i, w i is the integer growth or loss factor for species n w from reaction K i , and ðG À LÞ w represents gain and loss terms independent of the reaction network. The definition method of these gain and loss terms is also introduced in detail in Ref. 21 .
The effective electron temperature T e is described with electron energy equation which is as follows:
where n e is the electron density, P abs is the input power with volume V, DE ij is the kinetic energy lost during electron impact reactions, and _ Q e is the kinetic energy lost to the system from electron absorption. 
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For the argon model in KGMf, the ground state argon atoms (Ar), electrons (e), atom ions (Ar þ ), molecular ions (Ar 2 þ ), and fourteen excited levels Ar* (4s and 4p) are considered. The Ar*(4s) level is split into four separate energy levels, and the Ar*(4p) level is split into ten energy levels, similar to that shown in Fig. 2 . Considering the bulk plasma properties, the quasineutrality condition is enforced in the model. 38 In the KGMf model, electron energy distribution function (EEDF) 
where C is the gamma function, x is the shape factor of EEDF: x ¼ 1 gives a Maxwellian EEDF, and x ¼ 2 gives a Druyvesteyn EEDF. [19] [20] [21] As the arbitrary EEDF is allowed in the KGMf, the analytical forms of the EEDF with x at 1 and 2 are both studied in the models. The plasma chemistry for argon is shown in Table II . [39] [40] [41] [42] [43] The reduced model only includes reactions R1, R2, and R3. Ar m *(4s) denotes metastable and Ar r *(4s) denotes resonance in 4s levels. The cross sections of electron impact reactions (R1-R3) are taken from the Biagi database. 39 The cross section data are also compared with the NIST Atomic Spectral Database (energy levels and radiative transitions), which is more accurately recorded. 40 The absorbed power P abs , the discharge volume V (calculated from the gap dimension parameters), and the gas pressure p act as the input parameters to adjust the discharge properties. In the simulation, the input parameters were designed for discharges in various geometrically similar gaps (with the same geometry aspect ratio) under different gas pressure conditions. According to the similarity relations listed in Table I , ion and electron densities in two similar discharges will follow the similarity relations SL4 and SL5. For simplicity, checking the validity of similarity law in high-pressure discharges can be reduced to examining the correctness of the charged particle density relations in different gaps. The simulated cases are listed in Table III . For comparison, the absorbed power is fixed at 10 mW in all cases. The gas temperature T g is assumed at 300 K. The aspect ratio (d/R) of the cylindrical volume is set at 1. In Table III (a), the gas pressure decreases from 760 to 152 Torr, whereas the gap dimension increases from 500 to 2500 lm, keeping the product pd at 38 Torr cm in all five gaps. By choosing gap 1 as a baseline, the scale-up factor k goes from 1 to 5 as the gap dimension increases. The volume ratio between five gaps is 1 , which actually makes the power density of different gaps being proportional. Based on the cases in Table III(a), the similarity relations in similar gaps with different scale-up factors can be compared. In Table III (b), we investigated the gas pressure effect by decreasing the gas pressure from 760 to 152 Torr, whereas the gap dimension is fixed at 500 lm. The product pd ranges from 7.6 to 38 Torr cm. In Table III (c), the gas pressure is fixed at 760 Torr and gap dimension effect was investigated by decreasing d from 500 to 100 lm. In Table  III (c), the product pd is kept at the same range (from 7.6 to 38 Torr cm) as in Table III pd value. From simulations with designed parameters from Table III , the steady-state charged particle densities were obtained. Note that the simulations carried out here are more theoretical rather than quantitative investigations since the presented models are not exactly the same as the real discharges because of the volume-averaged assumption. The presented models take into account of the chemical reactions (such as the three-body collisions) which are ignorable for low-pressure discharges but indispensable for high-pressure discharges. The simulation results are applicable to the high-pressure rare gas discharges when the fundamental physical processes are similar. Furthermore, based on the global model, the pure effects of the nonlinear reaction processes on similarity laws in highpressure discharges can be obtained without other spatially dependent mechanisms intertwined and affecting each other. The deviations caused by the nonlinear processes are distinguished by comparing the density ratios with the similarity relations.
IV. RESULTS AND DISCUSSION

A. Normalized similarity relations in similar gaps
In high-pressure argon discharges, due to the three-body collisions, the molecular ions (Ar 2 þ ) are found to be the dominant ions and their density is a few orders of magnitude higher than the density of atomic ions (Ar þ ), which was also confirmed based on the previous fluid simulations. 44, 45 Therefore, the molecular ion density is very close to the electron density while the quasineutrality condition is used. In such a way, only the normalized atomic ion and electron densities were presented in the results. All comparisons were made based on results from simulations at steady-state. As is shown in Table I , both electron and ion densities are proportional to k 2 , which indicates that the relations of the electron and ion densities in random two similar gaps will be k 2 ðmÞ Á n e; i ðmÞ ¼ k 2 ðjÞ Á n e; i ðjÞ;
where m, j 2 {1,2,3,4,5} (m 6 ¼ j) are gap numbers, and k(m) and k(j) are scale-up factors for the m-th and the j-th gap, respectively. The normalized electron density from Eq. (5) is defined as n e; i ðmÞ n e; i ðjÞ ¼ kðjÞ kðmÞ 2 :
If the similarity law is valid, the normalized density relation in Eq. (6) will hold for the parameters in all five gaps (gaps 1-5). Since the lowest charged particle density was found in gap 5, all electron and ion densities were normalized with the parameter results in gap 5. Therefore, based on Eq. (6), the normalized densities from the similarity law for the five gaps should be n e; i ð1Þ n e; i ð5Þ ; n e; i ð2Þ n e; i ð5Þ ; n e; i ð3Þ n e; i ð5Þ ; n e; i ð4Þ n e; i ð5Þ ; n e; i ð5Þ n e; i ð5Þ
In order to clearly show the validity of the similarity relation, all normalized relations were compared with the theoretical predictions from the similarity law. Figures 3(a) 
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EEDF). It can be seen that normalized electron and ion densities as well as the theoretical relation decrease as the scale-up factor k increases. With the effect of the nonlinear processes, the results from KGMf are much lower than the similarity law predictions, which indicate that the normalized similarity relations in Eq. (6) are violated. Without the nonlinear processes, the normalized densities from the KGMf are in better agreement with the predictions from the similarity law, which means that the normalized density relations in Eq. (6) are obeyed. Furthermore, the influence of scale-up factor k on the similarity law can also be observed since the KGMf results with nonlinear processes progressively deviate from the similarity law prediction as the scale-up factor k decreases.
From the results in Fig. 3 , it can be observed that the effect of nonlinear processes on the similarity relation is confirmed by the difference between the two different KGMf models. However, considering the quantitative effect of nonlinear processes on the similarity law, take k ¼ 1 for example, normalized densities are about 40%-60% lower than the similarity law predictions. Even though the deviations might be within the tolerances of engineering application in many occasions, the further modification of the current similarity relations for high-pressure discharges is still necessary. Before that, the direction of correction should be addressed. More importantly, from the simulations with a full set of reactions, it is found that the similarity relations will generally overestimate the charged particle density enlargement in similar gaps with a fixed pd value, which is essential for correcting the estimations from the similarity laws.
The results in Fig. 3 can be explained by the different impacts from the linear and nonlinear processes on the particle balancing. For the linear processes, such as one-step ionization (e þ Ar ! 2e þ Ar þ ), the production rate (dn/dt) is expressed as dn dt
where the C R is the rate coefficient of the one-step ionization. Combining Eqs. (1), (5), and (8) 
It should be noted that the one-step ionization relation in Eq. (8) is actually the same as Eq. (1) when k(m) ¼ 1. Thus, the one-step ionization is classified as a linear process. However, for nonlinear processes, such as the three-body reaction (Ar þ þ 2Ar ! Ar þ Ar 2 þ ), the production rate for the molecular ions is dn dt
where C TB is the rate coefficient of the three-body collision, and n g is the number density of the ground state. Combining the Eqs. (1), (5), and (10), the production rate relation between the j-th and the m-th gap turns out to be dn dt
From Eq. (11), it can be seen by the difference in power on the ratios of scale-up factors that the nonlinear process violates the similarity law shown in Eq. (1). Furthermore, the existence of nonlinear processes makes Eq. (11) more deviated from Eq. (1) as the scale-up factor in denominator decreases. The violation from the stepwise ionizations and transitions between excitations can be explained in similar ways.
B. Separated effect from the gas pressure and gap dimension
In the conventional similarity laws, such as Paschen's law, 46 ,47 the breakdown voltage can be described by using the combined parameter pd, that is, U b ¼ f(pd), which indicates that adjusting the gas pressure or changing the dimension length in the same range will be equivalent to the results. However, from the results in Sec. IV A, it is known that with nonlinear processes included in the model, the similarity laws are not obeyed, which actually indicates that the effect of a gas pressure and a gap dimension might be no longer equivalent. Therefore, it is less appropriate to use the product pd as a combined parameter to describe the discharge properties, but which parameter (p or d) is more significant is not clear yet. Therefore, we compared the separate effect of the gas pressure and gap dimension with and without the nonlinear processes. Figure 4 shows the results of pressure and dimension effects for cases listed in Tables III(a) and III(b) with the Maxwellian EEDF. Figure 4(a) shows the pressure and the dimension effect on the electron density with nonlinear processes included. It can be seen that the separate effects of a gas pressure and a gap dimension are not equivalent. Although the tendencies of the electron density are both on the rise, the gap dimension has a larger influence than the gas pressure. The effects on the atom ions (Ar þ ) densities are shown in Fig. 4(b) . The molecular ion densities are not presented here due to the quasineutrality assumption and its density is very close to the shown electron density in Fig. 4(a) . It can be seen that the dimension effect is more obvious than the pressure effect on the atom ions as well as the molecular ions. Figure 4 (c) shows the gas pressure and the gap dimension effects on electron density without nonlinear processes. Similarly, starting from the same point and with the parameter pd fixed, the gap dimension has the stronger effect on the electron densities than the gas pressure. Since gaps in Tables III(b) and III(c) are similar when the gap numbers are the same, the normalized electron densities were compared like before. Figure 4(d) shows normalized electron densities in similar gaps at different pd values with and without nonlinear processes. The lowest charged particle densities are chosen as the baselines. It can be seen that without nonlinear processes, the normalized electron densities show a better agreement with the similarity predictions. These results confirmed the prediction that the similarity laws are obeyed at different pd values in high-pressure regimes when the nonlinear processes are not included. Even though the pressure and the dimension effects are not equivalent, two effects are actually strongly coupled when the nonlinear processes are excluded. That is, to say, the separate effect of the gas pressure or the gap dimension can be extrapolated from one to the other based on the valid similarity relations. Similarly, with nonlinear processes included, the normalized electron densities are below the similarity predictions. This result tells that the similarity relations will overestimate the enlargement of the charged particle densities in similar gaps at different pd values.
V. CONCLUSIONS
The similarity laws are of great significance in designing prototypes of large-scale devices or in predicting the discharge properties for ultra-small scale discharges when the direct diagnostics are hardly possible. The similarity laws for discharges at low pressure have been adequately studied previously, but for discharges at high pressure, nonlinear processes are not negligible and effects from them are not straightforward. To achieve the prediction of high-pressure discharges with less discrepancy using the similarity laws, understanding the effect of nonlinear processes is a necessity and of vital importance.
In this study, the KGMf models were utilized to investigate the validity of similarity laws in high-pressure argon discharges with and without nonlinear processes. The effect of nonlinear processes on the similarity laws was confirmed and analyzed. With nonlinear processes included, the results from KGMf models progressively deviate from the similarity law predictions, while in cases without nonlinear processes, the results are in agreement with the similarity law predictions. The reason for this phenomenon is that the contributions to the particle balance from linear and nonlinear processes differ by the power on the ratios of scale-up factors, which causes cumulative deviations from the similarity relations. The separate effect of the gas pressure and the gap dimension was also investigated with and without nonlinear processes. It was shown that the gap dimension has the larger effect on the results than the gas pressure regardless whether the nonlinear processes were included or not. Without the nonlinear processes, the pressure and the dimension effects could be estimated from one to the other with the similarity relations being valid. More importantly, it was found that the current similarity laws without modifications will generally overestimate the charged particle density enlargement in similar gaps in high-pressure discharges, which is essential for correcting the estimations from the similarity laws . FIG. 4 . The separate effect of the gas pressure and the dimension while pd ranges from 7.6 to 38 Torr cm: (a) electron density with the nonlinear processes; (b) ion density with the nonlinear processes; (c) electron density without the nonlinear processes; and (d) the normalized electron densities with and without the nonlinear processes and compared with the similarity law predictions.
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